One of the main results of the theory of epi-convergence is that on the space of proper, lower semicontinuous, convex functions defined on f~", the Legendre-Fenchel transform (conjugation) is bicontinuous with respect to the epi-topology. This result generalizes to reflexive Banach spaces, provided one works with a strengthened version of epi-convergence involving both the strong and the weak topologies of the underlying space and of its dual. In this paper we extend these results to the partial conjugation of bivariate convex functions that generate convex-concave functions, also called saddle functions. It is shown that appropriate notion of convergence for saddle function is that of epi/hypo-convergence introduced and studied earlier by Attouch and Wets [10] . The 
EPI-CONVERGENCE: THE CONVEX CASE
We review the main features of the theory of epi-convergence of convex functions to set the stage for the latter investigation of convex-concave 539 CONVEX-CONCAVE SADDLE FUNCTIONS bivariate functions. We emphasize some aspects of the univariate theory that has been glossed over in earlier presentation but whose counterparts play a significant role in the bivariate case, in particular the notion of a closed convex functions.
The concept of epi-convergence was first utilized by R. A. Wijsman [1] . U. Mosco [2] was responsible for bringing to the fore the important relationship between epi-convergence and the convergence of solutions to variational inequalities. E. DeGiorgi et al. [3] extended widely the study of epi-convergence, under the name of r-convergence, in their study of integral functionals that arise in the Calculus of Variations. There is now a rich literature, consult [4] , dealing with the theory (convex and nonconvex) as well as with the applications of epi-convergence. We have chosen to deal with epi-convergence rather than hypo-convergence. Obviously, every epi-result has his counterpart in the hypo-setting.
Let us review some definitions. The effective domain of a function F : X ~ R is the set (X, r) being a topological space, the lower closure ( [4] , Theorem 1.13). Moreover, these two infima are in fact attained.
In the sequel we deal with weak topologies on Banach spaces, and thus for the weak epi-limit we use (1.12) and (1.13) as definition and work with sequential epi-limits rather than topological epi-limits defined in ( 1. 8) and ( 1. 9) . Note however, that, in general, topological and sequential epilimits do not coincide. We write w-lme for a weak epi-limit s-lme, for a strong epi-limit, w*-lme for the weak epi-limit of functions defined on the dual of X equipped with its weak topology, etc.
We now review, cf. [ 1 ] , [5] , [6] , [7] , the continuity properties of the [10] , [11] : epijhypo-convergence. This notion is well adapted to our purposes, since in Section 3 we show that the epi-convergence of convex bivariate functions is equivalent to the epi/hypo-convergence of their partial Legendre-Fenchel transf orm.
EPI/HYPO-CONVERGENCE OF BIVARIATE FUNCTIONS
We review the definition and the main properties of epi/hypo-convergence (for further details see [10] , [ 11 J [10] . The choice of these two functions is in some sense minimal ( see [ 11 ] , Section 2) to obtain convergence of saddle points as made clear in Section 4 of [10] . Other Cavazutti [12] , [13] , Greco [14] ( see also Sonntag [15] To simplify notations, we shall henceforth omit the prefix "seq". The reader, however, should stay aware of the difference in the general (i. e. non-metrizable) case. Note also that when (X, t) and (Y, a) are linear spaces and the F" are convex-concave for all n E ~l e/h-ls F" is convex in the variable x, h/e-li F" is concave in the variable y. We introduce now one class of limit functions involving extended closure (see Section 1) . If the bivariate functions are convex-concave, then the extended closures are generated by conjugacy operations and continuity of the partial Legendre-Fenchel transform leads us to work with the following notion of extended epilhypo-convergence introduced in [10] . DEFINITION We study here the continuity properties of the partial Legendre-Fenchel transform that establishes a natural correspondence between convex and convex-concave bivariate functions. The argumentation is surprisingly complex. In part this comes from the fact that the functions can take on the values + oo and -oo, and that the Legendre-Frenchel transformation then looses its local character and it is only the global properties of the operations that are preserved. An elegant study of this phenomena and its implications has been made by Rockafellar ([8] , [17] and [18] ) and further analyzed by McLinden ([19] , [20] ); see also Ekeland-Temam [9] , J. P. Aubin [21] and Auslender [42] .
Convex-concave bivariate functions are related to convex bivariate functions through partial conjugation, i. e. conjugation with respect to one of the two variables. We are led to introduce equivalence classes of convexconcave saddle functions. For the sake of the noninitiated reader we review quickly the motivations and the main features of Rockafellar's scheme ([8] , [17] , [18] (4. 2)" are the restriction of (4. 6) to finite dimensional subspaces of X, and so on. In particular dealing with numerical procedures, one is naturally interested by convergence of solutions, but also by the convergence of multipliers, for reason of stability ([22] , [23] and [24] ) or to be able to calculate rates of convergence such as in augmented Lagrangian methods. Our objective is to give some conditions which will ensure the epi/hypo-convergence of the Lagrangians K." to K, and under suitable compactness of the saddle points of K", the convergence of these saddle points to a saddle point of K.
In Section 3 epi/hypo-convergence of the Lagrangian function is derived from the epi-convergence of the sequence of perturbation functions (F"). In this setting theses functions take the form of a sum of two functions (4.4)n. In order to obtain the Mosco-epi-convergence of the sequence (F") to F, the following theorem gives a sufficient condition for the Mosco- For n sufficiently large, the function (p" + is proper and thus (see [26] for example) Using the definition of the lim sup operation we derive that for each 03B4>0, there exists n (8) such that (xn, ys) E D" for n >_ n (b). Thus and A diagonalization argument [10] , Lemma A-3, yields a sequence 03B4(n)~0 such that and this with the lim inf inequality yields (4. 19 The assertion now follows from Theorem 3.1. D
Remarks. -1. This theorem is related to [11] , Proposition 1.17, and is close to the results obtained by T. Zolezzi in [20] under the stronger assumption of continuous convergence of the constraints (see also McLinden [30] and Lucchetti-Patrone [31] ). The above result and the variational properties of extended epi/hypo-convergence (Theorem 2. 4) guarantees that any cluster point (x, y), of the sequence of saddle points (xn, yn) of the Lagrangian K", is a saddle point of K. A related question -if each saddle point of the limit problem can be obtained as a limit of a sequence of sn-saddle point for K" when E" ,[ 0, is settled (in the affirmative) by Azé [32] (see also [10] [35] , Marcellini [36] , Marchenko- Hruslov [37] , Attouch [38] , relies on the formulation of the problems as minimization problems and studies the convergence of the energy functionals.
Recently a dual version of these results expressed uniquely in terms of dual variables (stress tensors) has been developed by Suquet [39] and Aze [40] . In (uE, aE D uE) where uE is the solution of (5.16). The behaviour of uE is well known (see [4] , [47] 
